Multiple antenna differential modulation using unitary matrices requires no channel knowledge at the receiver, and so is ideal for use on wireless links where channel tracking is undesirable or infeasible, either because of rapid changes in the channel characteristi-cs or because of limited system resources. Although this basic principle is well understood, it is not known how to generate good-performing constellations of unitary matrices, for any number of transmit and receive antennas and especially at high rates. We propose a class of CuyZey codes that works with any number of antennas, and allows for polynomial-time near-maximum-likelihoa decoding based on either successive nullingkancelling or sphere decoding. The codes use the Cayley transform, which maps the highly nonlinear Stiefel manifold of unitary matrices to the linear space of skew-Hermitian matrices. This leads to a simple linear constellation structure in the Cayley transform domain and to an information-theoretic design criterion based on emulating a Cauchy random matrix. Simulations show that Cayley codes allow efficient and effective high-rate data transmission in multi-antenna communication systems without knowing the channel.
INTRODUCTION AND MODEL
id Multiple transmit and/or receive antennas promise high data rates on scattering-rich wireless channels [l, 21 . Many of the proposed schemes that achieve these high rates require the propagation environment or channel to be known to the receiver (see, e.g., [l, 3, 4 , 51 and the references therein). However, it is not always feasible to assume that the channel is known to the receiver, especially when many antennas are used or either end of the link is moving so fast that the channel is changing very rapidly [6, 7] .
Hence, there is much interest in space-time transmission schemes that do not require either the transmitter or receiver to know the channel. A standard method that avoids this in single-antenna wireless channels is differential phase-shift keying (DPSK) [8] . Recently, these differential techniques have been generalized to the multi-antenna setting [9, 10, 111 , where the transmitted signals form unitary matrices.
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Although this basic principle is well understood, it is not known how to generate gocd-performing constellations of unitary matrices that lend themselves to efficient encoding and decoding, for any number of transmit and receive antennas and especially at high rates. The main difficulty stems from the highly non-linear search space of unitary matrices.
A design method which uses elements of group theory has appeared in [ 121.
In this paper we propose a family of Cayley codes for differential unitary space-time modulation. The Cayley codes break the data stream into substreams which are used to pa-
Differential Unitary Space-Time Modulation
A narrow-band, flat-fading, multi-antenna communication system with M transmit and N receive antennas, which is (roughly) constant for M channel uses, can be written as 
eral, L can be quite large, which calls into question the feasibility of computing and using this performance criterion. The large number of signals also rules out the possibility of decoding via an exhaustive search. To design constellations that are huge, effective, and yet still simple, so that they can be decoded in real-time, we must introduce some structure. matrices (and vice-versa) it is convenient to encode data onto a skew-Hermitian matrix and then apply the Cayley transform to get a unitary matrix. It is most straightforward to encode the data linearly. We call a Cayley Differential (CD) code one for which each unitary matrix is
where the Hermitian matrix A is given by 
Decoding the CD codes
An important property of the CD codes is the ease with which the receiver may form a system of linear equations in the variables {a,}. To see this, we write the ML decoder (2) using the Cayley transform,
This decoder is not quadratic in {a,} and so may be difficult to solve. However, if we ignore the covariance of the additive noise term (I + A2)-l, then we obtain the "linearized ML" decoder 
The Cayley transform
The Cayley transform of a complex M x M matrix Y is (I + Y)-l (I -Y) [18, 20] . With Y = iA skew-Hermitian,
is unitary. Thus, the Cayley transform expresses a unitary matrix as a function of a skew-Hermitian matrix, which is described by M 2 real parameters. This parameterization is promising since it is one-to-one: iA = (I + V)-'(I -V). Nulling and cancelling explicitly requires that the number of equations be at least as large as the number of unknowns and sphere decoding benefits from this, since it reduces the computations. Looking at the linear equation obtained from (5) suggests that we have 2MN real equations and Q real unknowns. However, due to the Hermitian constraints not all 2MN equations are independent. A careful analysis yields the following result. 
Cayley codes
Design of the CD Codes
We introduced the CD structure (4) and showed how to choose Q according to Thm.1. What remains is to design the Hermitian basis matrices A I , . . . , AQ and choose the discrete set A, from which the aq are drawn.
If the rates being considered are reasonably small then maximizing I det (Ve -Vp )I for all t' # l may be tractable.
At high rates, however, the criterion becomes intractable because of the number of matrices involved, and the performance of the constellation may not be governed so much by its worst-case pairwise I det(V' -Ve,)l, but rather by how well the matrices are distributed over the space of unitary matrices. The optimal distribution is given below. An isotropically-distributed unitary matrix is one whose probability density function is invariant to pre-and postmultiplication by an arbitrary unitary matrix [21, 22] . In the Cayley transform domain Thm. 2 translates to the following.
Theorem3 TheunitarymatrixV = ( I + i A ) -' ( I -i A ) is isotropically-distributed i f and only i f the Hermitian matrix
A has the matrix Cauchy distribution (7) is the matrix generalization of the familiar scalar Cauchy distribution, which can be regarded as the random variable tan(8/2), with 8 uniform on [0,2n]. Theorem 3 implies that, at high rates, our CD code constellation should resemble samples from a Cauchy random matrix distribution. Drawing upon implications from the scalar case M = 1, we propose to choose the set A, as the r-point discretization of a scalar Cauchy random variable. In other words, we choose A, as the image of the function tan(8/2) applied to the set 8 E {TIT, 37r/r, 57r/r,. . . , This implies that the cost function in (8) is maximized by the isotropically random distribution. We therefore propose to choose A I , . . . , AQ to maximize this cost function.
After some algebra, this leads to
where A = Aqaq and the expectation is over (~1,. . . , (YQ chosen independently from a Cauchy distribution. This optimization may be performed numerically using gradientascent methods along with Monte Carlo simulation. Nulling and cancelling.
